In this letter, to reveal the effect of quasi-particle interactions in a Bose-Fermi superfluid mixture, we consider the lifetime of quasi-particle of Bose superfluid due to its interaction with quasi-particles in Fermi superfluid. We find that this damping rate, i.e. inverse of the lifetime, has quite different threshold behavior at the BCS and the BEC side of the Fermi superfluid. The damping rate is a constant nearby the threshold momentum in the BCS side, while it increases rapidly in the BEC side. This is because in the BCS side the decay processe is restricted by constant density-of-state of fermion quasi-particle nearby Fermi surface, while such a restriction does not exist in the BEC side where the damping process is dominated by bosonic quasi-particles of Fermi superfluid. Our results are related to collective mode experiment in recently realized Bose-Fermi superfluid mixture.
Recently, for the first time, ENS group has realized a mixture of Bose and Fermi superfluids [1] . They prepare a mixture of bosonic 7 Li atoms and two spin components of fermionic 6 Li atoms nearby an s-wave Feshbach resonance between fermions. At low enough temperature, bosonic atoms condense and become a Bose superfluid, while fermionic atoms form pairs and become a Fermi superfluid. This experimental development generates many interesting questions on interaction effects between these two types of superfluid [2, 3] .
Elementary excitations and their interactions play an important role in quantum many-body system. Here we can compare the low-energy elementary excitations of this superfluid mixture with other two widely studied mixtures, i.e. mixture of a BEC with normal Fermi gas [4] and mixture of two BECs [5] . A Bose-Fermi superfluid mixture exhibits two gapless bosonic modes (denoted by B b and B f in Fig. 1 ), corresponding to Goldstone modes of Bose superfluidity (B b ) and Fermi superfluidity (B f ), respectively, and a gapped fermionic excitation that describes the Cooper pair breaking (denoted by F f in Fig.  1 ). While in the mixture of a BEC with normal Fermi gas, there exists only one bosonic Goldstone mode and the fermionic excitation (particle or hole excitation) is always gapless at the Fermi surface. Mixture of two BECs also exhibits two bosonic Goldstone modes but there is no fermionic excitation in this system.
Moreover, in the cold atom system the Fermi superfluid can be continuously tuned from the BCS regime to the BEC regime by utilizing the Feshbach resonance. In the BCS limit, as schematically shown in Fig. 1(a) , it is known that the B f mode has a quite large velocity proportional to v F / √ 3 [6] , while the gap of the F f mode is exponentially small. As approaching the BEC side, as shown in Fig. 1(b) , the gap of the F f mode becomes larger and larger, and on the other hand, the velocity of the B f mode becomes smaller and smaller [7] . Therefore, the interplay between these three modes is quite unique in the Bose-Fermi superfluid mixture, and it will lead to different behaviors in the BCS and the BEC sides of Fermi superfluid. One manifestation of in- teraction between elementary excitations is the lifetime of quasi-particles. The most well-known effect is LandauBeliaev damping in the Bose superfluid [8] . Interaction between bosonic mode itself gives rise to a finite lifetime of the bosonic quasi-particle. The damping rate, as the inverse of the lifetime γ = 1/τ , is proportional to k 5 at zero-temperature and to T 4 at finite temperature [11, 12] . This effect has been experimentally studied in atomic BEC by measuring the damping rate of collective modes [13] and theoretically works have also been carried out in the content of cold atom systems [14] [15] [16] . Landau damping has also been studied for mixture of BEC with normal Fermi gas [9] and dipolar BEC [10] .
In this letter we present an alternative damping channel for bosonic quasi-particle of Bose superfluid (B b mode) due to its interaction with quasi-particles in Fermi superfluid (B f and F f modes). We focus on the typical cold atom situation that Fermi superfluid is in the strongly interacting regime while Bose superfluid is in the weakly interacting regime. We show that this damping mechanism will be activated only when momentum of B b excitation exceeds a critical value k c . We investigate the threshold behavior of damping rate γ = C(k − k c ) α , and the key result is that we find different α for the BCS side and the BEC side of Fermi superfluid.
Model. We consider a mixture of bosons and spin-1/2 fermions, whose Hamiltonian is given bŷ
where H 0,i = − 2 ∇ 2 /(2m i ) − µ i and i = b, f denotes bosons or fermions. Since interaction between fermions is nearby a Feshbach resonance, we shall relate g f to scattering length a f as 1
The ground state ofĤ f is a superfluid of fermion pairs. Applying the BCS-BEC crossover mean-field theory toĤ f one can obtain a gapped fermion F f mode with excitation energy
decreases from the BCS side to the BEC side, µ f decreases and ∆ increases [7] .Ĥ f also has a bosonic B f mode that describes center-of-mass motion of Cooper pairs, which has a phonon-like dispersion E B f = c f k, and c f evolves smoothly from v F / √ 3 to π 2 a m n m /m 2 f [7, 17] , where a m = 0.6a f is the scattering length between fermion pairs [18] and n m is molecule density. For equal population case n m = n ↑ = n ↓ = n f .
When magnetic field locates nearby a Feshbach resonance between fermions, generically g b and g bf terms are in the weakly interacting regime and can be treated by Bogoliubov approximation. In the leading order of n b (n b = N b /V , N b is condensate bosonic atoms), we replace two ofb † orb operator with √ N b in the interaction part. FromĤ b we obtain a Bogoliubov spectrum for Bose superfluid
, the excitation is in the free-particle regime with a quadratic dispersion
, which simply provides a constant shift of chemical potential and will not affect spectrum and wave function of quasi-particles. In the sub-leading order of n b , only onê b † orb operator is replaced by √ N b , and it describes interaction between quasi-particles. In this order,Ĥ b leads to Landau-Beliaev damping discussed before [11, 12] . As we will show later,Ĥ bf gives rise to interaction between quasi-particles of Bose superfluid and those of Fermi superfluid.
Damping Threshold. There are two different decay channels for bosonic quasi-particle B b of Bose superfluid. The first is decay into two fermionic quasi-particles Fig. 1(a) . In this case, the energy-momentum
Shaded area is a schematic of two-particle continuum for two different damping channels, F f + F f for (a) and B f + B b for (b), corresponding to processes illustrated in Fig. 1 (a) and (b), respectively. The red solid line is dispersion of bosonic quasi-particle B b of Bose superfluid. kc marks the threshold momentum. (c) kc/kF as a function of −1/(kFa f ). A, B and C mark three typical regimes discussed in text. Below (above) the dashed line kc is in the phonon (free-particle) regime of Bogoliubov dispersion for B b mode. For A and B, kc is given by (a), and kc is in phonon regime for (A) and is in free-particle regime for (B). For (C), kc is given by (b) and is in free-particle regime.
Since E F f is gapped and the minimum of E F f (k) is ∆ occurring at k 0 with k 0 = 2m f µ f / 2 for µ f > 0 and k 0 = 0 for µ f < 0, a typical two-particle continuum for two F f modes in the BCS side is shown in Fig. 2(a) , which has a minimum of 2∆ for k < 2k 0 . For this channel, k c is determined by E B b meeting this two-particle threshold. In the BCS side of resonance, k c can be determined by equation E B b (k c ) = 2∆ as long as the solution of k c is smaller than 2k 0 . Therefore, as −1/(k F a f ) decreases from the BCS side to unitary regime, k c increases as shown in Fig. 2(c) . Moreover, when ∆ 2 /(m b ξ 2 ), k c is in the phonon regime of B b mode, while on contrary, when ∆ 2 /(m b ξ 2 ), k c is in the free-particle regime of B b mode.
The second channel is decay into two bosonic quasi- Fig. 1(b) . Since in the strongly interacting regime of Fermi superfluid, c f is usually much larger than c b because a m = 0.6a f a b , it is easy to show that the two-particle threshold of B b + B f is always lower than that of B f + B f . It is also straightforward to show that E B b (k) coincides with two-particle threshold of B b + B f up to k c , as shown in Fig. 2(b) . That means for k < k c , only the process with q = 0 can happen which in fact does not lead to decay of quasi-particle. Thus, damp-ing will be activated only when E B b (k) is above twoparticle threshold when k > k c , and k c is determined by ∂E B b (k)/∂ ( k) | k=kc = c f . Also due to c f c b , k c is always located in the free-particle regime of B b mode.
Hence our following discussion can be divided into three representative cases, as shown in Fig. 2(c) : Case A and B are both at the BCS side of Fermi superfluid, where damping is determined by the first process. For Case A, ∆ 2 /(m b ξ 2 ) and therefore k c is in the phonon regime of B b mode. For Case B, ∆ 2 /(m b ξ 2 ), and thus k c is in the free-particle regime of B b mode. Case C is at the BEC side of Fermi superfluid, where damping is determined by the second process, and k c is in the free-particle regime of B b mode.
Case A. In this regime we start with BCS mean-field Hamiltonian forĤ f and Bogoliubov Hamiltonian forĤ b given byĤ
where quasi-particleα k ,β k andγ k are related tob k and c kσ viab k = u
. Now we discussĤ bf in the order of √ n b by replacing one ofb orb † operator as √ N b , which leads tô
We can further rewriteĤ bf in term of quasi-particle operatorsα,β andγ. Here we focus on zero-temperature damping rate (or lifetime) of bosonic α mode, thus, only one term retains as [19] 
This term describes the process that one B b mode decays into two F f modes, as schematically drawn in Fig. 1(a) . With Fermi-Golden rule, the damping rate is given by
(7) When k c is in the phonon regime, we can approximate u
. And since the decay products of F f mode locate nearby its minimum of dispersion E F f (k) at k 0 , to the leading order we can approximate 
and v 0 = k 0 /m f . By this approximation, k c is determined by 2∆ = c b k c . With these approximations, the damping rate γ(k) can be simplified as
(8) Basically this integration is to count for the densityof-state that satisfies energy conservation. With quite straightforward calculation [19] we find that
i.e. the threshold behavior of γ(k) is a constant. Case B. In this regime the damping rate is still determined by Eq. 7. But since k c is in the free-particle regime, we have u
, and the damping rate γ(k) is given by
which gives rise to a damping rate
The leading order is still a constant and the sub-leading order gives a slow decreasing of γ(k) as |k| increases. However, we shall also note that because the approximations implemented, our results are only valid nearby k c and cannot be extended to very large momentum.
Case C. In this regime the damping is due to coupling between B b mode and B f mode. A comprehensive description of B f mode and its coupling to B b mode can be obtained from fluctuation theory of Fermi superfluid [20] . Here to highlight the essential physics we take a simpler approach by treating the Fermi superfluid at the BEC side as molecular condensate, and we consider a Hamiltonian of molecular BEC aŝ The coupling between the molecular BEC and Bose superfluid is due to scattering between bosonic atoms and molecules, which can be effectively described by
where g bm is determined by atom-molecule scattering length calculated in Ref. [3] . Bogoliubov approximation can be applied toĤ m which giveŝ
where
the order proportional to n b or n m ,Ĥ bm is simply a constant chemical potential shift for both Bose superfluid and molecular condensate. Similar as analysis in case A, by replacing one ofd † (or d) operator as √ N m or one ofb † (orb) operator as √ N b , it can be expanded into quite a few terms that describe quasi-particle interactions, among which only one term contributes to decay of B b mode with a lower critical velocity, as discussed above [19] . This term is given by
In this regime we can approximate u
as c f |k|, and the damping rate is
Straightforward evaluation of this integral gives [19] 
At leading order γ(k) fast increases as (k − k c ) 3 once k is above threshold.
Conclusion. The results of damping rate for three cases are presented in Fig. 3 . We choose n b /k 3 F = 0.1, 1/ (k F a b ) = 100 and 1/ (k F a bf ) = 100. For three different cases, we choose 1/ (k F a f ) = −2.5, 1/ (k F a f ) = −0.5, and 1/ (k F a f ) = 0.5, respectively. We find a different threshold behavior γ(k) ∝ (k − k c ) α with α = 0 in the BCS regime and α = 3 in the BEC regime. This finding, on one hand, is a unique manifestation of quasi-particle interaction effect in the Bose-Fermi superfluid mixture; on the other hand, reveals fundamental different between Fermi superfluid in the BCS side and in the BEC side. In the BCS side, the low-energy physics is dominated by fermionic quasi-particles nearby the Fermi surface, and the damping processes are also restricted by the constant density-of-state nearby Fermi surface, which is basically the origin of constant damping rate. While such restriction does not exist in the BEC side where the low-energy physics is dominated by bosonic mode.
Our results can be experimentally verified by studying damping rate of collective mode, as done in previous BEC experiments [13] . In the recent experiment, ENS group has find damping of collective oscillation when the relative velocity between Bose and Fermi superfluid exceeds a critical velocity. At the unitary regime and in the BEC side the damping rate increases rapidly when velocity is above the critical velocity [1] . They also find a nearly constant damping rate at the BCS side [21] . The underlying mechanism of this experimental finding may be connected to the physics discussed in this work.
Substituting the expression of the effective mass, m * = ∆m where θ is the angle between q and k. So the integral becomes
Since we have −1 < cos θ < 1, the integral regime of q is determined as
The integral can be simplified into
Here we can see k c = m b c f / , which reproduces the critical momentum discussed above.
